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GNSS phase observable and STD 

Troposphere is non-dispersive for electromagnetic waves up to 15GHz. The GNSS signals 
(1,176 – 1,602 GHz) are refracted (delayed) in the same way. Any phase observable Φ𝑟

𝑠 from 
satellite  𝑠 to receiver  𝑟 (so-called „zero-differenced” observable) may be expressed as: 
 

Where: 𝜌   is geometric distance from satellite to receiver, 
  𝑐 𝑡𝑟 − 𝑡𝑠  is linear value of satellite and receiver clock errors, 
  𝑆𝑇𝐷   is slant troposphere delay of GNSS signal, 
  𝐼𝑂𝑁   is impact of ionosphere on GNSS signal frequency, 
  𝑀𝑃   is phase multipath effect, 
  𝐴𝑃𝐶𝑑  is antenna phase center residual delay, 
  𝑣   is unmodelled residual noise.   

Φ𝑟
𝑠 = 𝜌 + 𝑐 𝑡𝑟 − 𝑡𝑠 + 𝑆𝑇𝐷 + 𝐼𝑂𝑁 +𝑀𝑃 + 𝐴𝑃𝐶𝑑 + 𝑣 

The 𝑆𝑇𝐷 is then: 

𝑆𝑇𝐷 + 𝑣 = Φ𝑟
𝑠 − (𝜌 + 𝑐 ∗ 𝑡𝑟 − 𝑡𝑠 + 𝐼𝑂𝑁 +𝑀𝑃 + 𝐴𝑃𝐶𝑑) 



Removing the non-troposphere impact on signal 

𝑆𝑇𝐷 + 𝑣 = Φ𝑟
𝑠 − (𝜌 + 𝑐 ∗ 𝑡𝑟 − 𝑡𝑠 + 𝐼𝑂𝑁 +𝑀𝑃 + 𝐴𝑃𝐶𝑑) 

𝜌   geometric distance contains the coordinates of satellite and receiver.   
   Satellite coordinates error is reduced by introducing precise orbits or  
   cancelled during  the double differencing of phase observables, receiver  
   error is estimated in zero-differenced processing or cancelled in double- 
   differenced processing. 

𝑐 𝑡𝑟 − 𝑡𝑠  Satellite clock error is reduced by introducing precise highrate clocks  or  
   cancelled during  the double differencing of phase observables,  receiver 
   clock error is estimated in zero-differenced processing or cancelled in  
   double-differenced processing,   

𝐼𝑂𝑁   impact of ionosphere on GNSS signal is cancelled by combining  𝐿1and 𝐿2
   frequencies in ionosphere-free linear combination (𝐿3). Higher order  
   ionosphere correction may be calculated from model or estimated, 



𝑆𝑇𝐷 + 𝑣 = Φ𝑟
𝑠 − (𝜌 + 𝑐 ∗ 𝑡𝑟 − 𝑡𝑠 + 𝐼𝑂𝑁 +𝑀𝑃 + 𝐴𝑃𝐶𝑑) 

𝑀𝑃   phase multipath effect, may be reduced by mapping the effect at each  
   processed station, 

S. de Haan, H. van der Marel, S. Barlag (2002). Comparison of GPS slant delay measurements to a numerical model: case study of a 
cold front passage. Physics and Chemistry of the Earth 27 (2002) 317–322 

Removing the non-troposphere impact on signal 



𝑆𝑇𝐷 + 𝑣 = Φ𝑟
𝑠 − (𝜌 + 𝑐 ∗ 𝑡𝑟 − 𝑡𝑠 + 𝐼𝑂𝑁 +𝑀𝑃 + 𝐴𝑃𝐶𝑑) 

𝐴𝑃𝐶𝑑  Satellite and receiver antenna phase center model is usually assumed  to be 
   known and eliminated using the antenna phase center absolute  model. If 
   individual calibration model for each antenna is not provided,  the residual 
   delay after removing all other effects can be estimated. 

Removing the non-troposphere impact on signal 

Chris Alber, Randolph Ware, Christian Rocken, John Braun (2000). Obtaining single path phase delays from GPS double differences. 
Geophysical Research Letters, vol. 27, no. 17, pages 2661-2664, September 1, 2000 

Example of residual antenna delay 

estimated w.r.t. radiometer STD 



𝑆𝑇𝐷 𝑡, 𝑎, 𝑧 = 𝑍𝑇𝐷𝑎𝑝𝑟 𝑡 ∗ 𝑚𝑓 𝑧 + 𝑑𝑍𝑇𝐷 𝑡 ∗ 𝑚𝑓 𝑧 + 𝐺𝑁 𝑡 ∗
𝜕𝑚𝑓

𝜕𝑧
𝑐𝑜𝑠 𝑎 + 𝐺𝐸(𝑡) ∗

𝜕𝑚𝑓

𝜕𝑧
𝑠𝑖𝑛(𝑎) 

𝑆𝑇𝐷 𝑡, 𝑎, 𝑧 = 𝑍𝐻𝐷𝑎𝑝𝑟 𝑡 ∗ 𝑚𝑓𝐷𝑟𝑦 𝑧 + 𝑍𝑊𝐷𝑒𝑠𝑡 𝑡 ∗ 𝑚𝑓𝑊𝑒𝑡 𝑧 + 𝐺𝑁 𝑡 ∗
𝜕𝑚𝑓

𝜕𝑧
𝑐𝑜𝑠 𝑎 + 𝐺𝐸(𝑡) ∗

𝜕𝑚𝑓

𝜕𝑧
𝑠𝑖𝑛(𝑎) 

The Slant Total Delay (𝑆𝑇𝐷) caused by refraction in neutral atmosphere may be divided to 
parts: hydrostatic (dry) and non-hydrostatic (wet). As an effect we obtain Hydrostatic Delay 
(𝐻𝐷)  and Wet Delay (𝑊𝐷): 

𝑆𝑇𝐷 =  𝑛 − 1 𝑑𝑠 = 10−6 𝑁𝑑𝑟𝑦𝑑𝑠 + 10−6 𝑁𝑤𝑒𝑡𝑑𝑠 = 𝑆𝐻𝐷 + 𝑆𝑊𝐷 

where 𝑛 is a refractivity index and 𝑁 is refractivity (eg. Essen and Froome 1951) 

STD estimation model 

A priori model 
Estimated 

ZTD correction 
Estimated 

Horizontal ZTD gradients 



Michael Bender, Galina Dick, Maorong Ge, Zhiguo Deng, Jens Wickert, Hans-Gert Kahle , Armin Raabe, Gerd Tetzlaff, 
(2011). Development of a GNSS water vapour tomography system using algebraic reconstruction techniques. 
Advances in Space Research 47 (2011) 1704–1720; 

STD estimation: zero-difference (Bender et al., 2011) 

STD estimation implemented in EPOS software (developed at GFZ). The PPP method is used to 
estimate the coordinates, troposphere parameters and epoch-wise estimation of satellite and 
clock biases. The a priori ZTD model is Saastamoinen (1972) with GMF mapping functions 
(Boehm et al., 2006). 
 
 
 
 
 
Where 𝒕 is time epoch, 𝒂 is azimuth, 𝒛 is the zenith angle, 𝑮𝑵, 𝑮𝑬 are the horizontal gradients, 
𝝓 is the geographic latitude, 𝜹 is the post-fit phase residual from PPP method  
 
and  
 

𝑆𝑇𝐷 = 𝑚𝑓𝐷𝑟𝑦𝐺𝑀𝐹 ∗ 𝑍𝐻𝐷 +𝑚𝑓𝑊𝑒𝑡𝐺𝑀𝐹 ∗ 𝑍𝑊𝐷 + 𝑐𝑜𝑡 𝑧 ∗ 𝐺𝑁 𝑐𝑜𝑠 𝜙 + 𝐺𝐸 𝑠𝑖𝑛 𝜙 + 𝛿 

𝜕𝑚𝑓𝑊𝑒𝑡𝐺𝑀𝐹

𝜕𝑧
𝑐𝑜𝑠 𝑎 = 𝑐𝑜𝑡(𝑧)𝑐𝑜𝑠(𝜙),  

𝜕𝑚𝑓𝑊𝑒𝑡𝐺𝑀𝐹

𝜕𝑧
𝑠𝑖𝑛 𝑎 = 𝑐𝑜𝑡(𝑧)𝑠𝑖𝑛(𝜙). 



Requirements of the method: 
• Precise satellite clock and orbit is essential in this method, 
• Ambiguity resolution may increase the accuracy, 
• Maps of multipath effect and antenna phase delay are required (but not mentioned in the paper). 
 
Advantages: 
• Zero-differenced processing is faster than double-differenced, 
• Easy applicable to the software working in zero-differenced mode, 
• Can work in near real-time. 
 
Important remark by: 
Lei YANG, Chris HILL and Terry MOORE (2013). Numerical weather modeling-based slant tropospheric 
delay estimation and its enhancement by GNSS data. Geo-spatial Information Science, Vol. 16, No. 3, 
186–200, http://dx.doi.org/10.1080/10095020.2013.817107 
 
„The gradient terms are solved as extra unknowns in the PPP solution. Although they can absorb the 
troposphere profile asymmetry to a certain extent, this absorption is limited by its linear-plan modelling, 
and cannot fully describe the complicated azimuth dependent STD variation. As these two gradient 
terms are solved together with coordinates, they will also absorb some other non-tropospheric 
variations.” 

STD estimation: zero-difference (Bender et al., 2011) 



STD estimation: zero-difference (patent) 

Xiaoming Chen (Trimble Navigation Limited) was granted the patent for GNSS atmospheric 

estimation with federated ionospheric filter. International Patent WO 2010/021656 A2 dated 25 

February 2010 (TNL A-2526PCT); 

The ionosphere-free carrier phase observation is written as: 
 
 
 
 
With the network-fixed ambiguities 𝑵 𝒄, where 𝚫𝒄

𝒓 and 𝚫𝒄
𝒔  are respectively the receiver and satellite dependent biases 

in the ionosphere-free undifferenced ambiguities, the ambiguity-reduced ionosphere-free carrier phase observation 
becomes: 
 
 
 
 
 
 
The terms 𝚫𝒄

𝒓 and 𝚫𝒄
𝒔  are absorbed by the new satellite and receiver clock error terms 𝒕𝒓  and 𝒕𝒔 : 

 
 
 
 
 

Where 𝒕𝒓 
  and s 𝒕𝒔   are the estimates of 𝒕𝒓  and 𝒕𝒔 . 

𝐿𝑐 = 𝜌 + 𝒄 ∗ 𝒕𝒓 − 𝒕𝒔 + 𝑍𝑇𝐷 ∗ 𝑚𝑓 𝑧 + 𝐺𝑁 𝑡 ∗
𝜕𝑚𝑓

𝜕𝑧
𝑐𝑜𝑠 𝑎 + 𝐺𝐸 𝑡 ∗

𝜕𝑚𝑓

𝜕𝑧
𝑠𝑖𝑛 𝑎 + 𝑁𝑐 + 𝑣 

𝑁 𝑐 = 𝑁𝑐 + 𝚫𝒄
𝒓 − 𝚫𝒄

𝒔  

𝐿 𝑐 = 𝐿𝑐 −𝑁 𝑐 

𝐿 𝑐 = 𝜌 + 𝒄 ∗ 𝒕𝒓 − 𝒕𝒔 + 𝑍𝑇𝐷 ∗ 𝑚𝑓 𝑧 + 𝚫𝒄
𝒓 − 𝚫𝒄

𝒔 + 𝐺𝑁 𝑡 ∗
𝜕𝑚𝑓

𝜕𝑧
𝑐𝑜𝑠 𝑎 + 𝐺𝐸 𝑡 ∗

𝜕𝑚𝑓

𝜕𝑧
𝑠𝑖𝑛 𝑎 + 𝑣 

𝐿 𝑐 = 𝜌 + 𝒄 ∗ 𝒕𝒓 − 𝚫𝒄
𝒓 − 𝒕𝒔 − 𝚫𝒄

𝒔 + 𝑍𝑇𝐷 ∗ 𝑚𝑓 𝑧 + 𝐺𝑁 𝑡 ∗
𝜕𝑚𝑓

𝜕𝑧
𝑐𝑜𝑠 𝑎 + 𝐺𝐸 𝑡 ∗

𝜕𝑚𝑓

𝜕𝑧
𝑠𝑖𝑛 𝑎 + 𝑣 

𝐿 𝑐 = 𝜌 + 𝑐 ∗ 𝒕𝒓  − 𝒕𝒔 + 𝑍𝑇𝐷 ∗ 𝑚𝑓 𝑧 + 𝐺𝑁 𝑡 ∗
𝜕𝑚𝑓

𝜕𝑧
𝑐𝑜𝑠 𝑎 + 𝐺𝐸 𝑡 ∗

𝜕𝑚𝑓

𝜕𝑧
𝑠𝑖𝑛 𝑎 + 𝑣 

𝑆𝑇𝐷 =  𝐿 𝑐 − 𝜌 + 𝑐 ∗ 𝒕𝒓 
 − 𝒕𝒔   



Xiaoming Chen (2010). GNSS atmospheric 

estimation with federated ionospheric filter. 

Trimble Navigation Limited. International Patent 

WO 2010/021656 A2 dated 25 February 2010 

(TNL A-2526PCT); 

Presented method is implemented to the 
Trimble Pivot® software 

STD estimation: zero-difference (patent) 



STD estimation example: zero-difference 
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Darwin, Australia

𝑆𝑇𝐷 = 𝑚𝑓𝐷𝑟𝑦𝐺𝑀𝐹 ∗ 𝑍𝐻𝐷 +𝑚𝑓𝑊𝑒𝑡𝐺𝑀𝐹

∗ 𝑍𝑊𝐷 + 𝑐𝑜𝑡 𝑧 ∗ 𝐺𝑁 𝑐𝑜𝑠 𝜙 + 𝐺𝐸 𝑠𝑖𝑛 𝜙
+ 𝛿  

STDs were calculated here using the Bender et al. (2011) 
method: 

𝛿 

and Bernese GNSS Software 5.2 troposphere  estimates (TRP)  
 
 
 
and phase zero-differenced residuals (RES -> FRS) 

𝑆𝑊𝐷 

Num Epoch Frq Sat. Phase residual Value     Elev   Azi 

 1    1    3   1   0.202153357997348487D-02 15.75  213.46 

Y    M  D  H  MM S   Model   Corr    mZTD    ZTD      GE      mGE      GN      mGN 

2011 04 06 00 00 00  2.2748  0.38893 0.00076 2.66373  0.00029 0.00005  0.00025 0.00007 

𝑆𝑊𝐷 = 𝑚𝑓𝑊𝑒𝑡𝐺𝑀𝐹

∗ 𝑍𝑊𝐷 + 𝑐𝑜𝑡 𝑧 ∗ 𝐺𝑁 𝑐𝑜𝑠 𝜙 + 𝐺𝐸 𝑠𝑖𝑛 𝜙
+ 𝛿 − 𝑚𝑓𝐷𝑟𝑦𝐺𝑀𝐹 ∗ 𝑍𝐻𝐷 

 



STD estimation: double-difference (Alber et al., 2000) 

Double-differenced processing have great advantages over the zero-difference processing. These are: cancelling the 
satellite orbit, satellite and receiver clock errors, easy ambiguity resolution. The idea of Alber et al., (2000) was to 
calculate back the error free zero-differenced phase observables from ambiguity free double-differences and compute 
the residual phase observation which reflect the troposphere anisotropy. 
 
 
 
 
 
 
 
 
 
The matrix 𝑫 cannot be inverted, because for 𝒏 single differences we have 𝒏 − 𝟏 independent double-differences. We 
must then introduce the additional constraint for at least one of the single differences, then the matrix 𝑫 is easily 

invertible. If the final post-fit double-differences are used, the assumption that  𝒘𝒊 𝒔𝑨𝑩
𝟏 = 𝟎 may be taken, and single 

differences 𝒔 may be estimated. 
 

Chris Alber, Randolph Ware, Christian Rocken, John Braun (2000). 
Obtaining single path phase delays from GPS double differences. 
Geophysical Research Letters, vol. 27, no. 17, pages 2661-2664, 
September 1, 2000 

Braun, J., Rocken, C., Ware, R. (2001). Validation of line-of-sight 
water vapor measurements with GPS. Radio Sci. 36 (3), 459–472, 
2001. 

To convert double differences to 
single differences, the double 
differences 𝒅𝒅 are written as the 
product of a matrix 𝑫 and a vector 
of single differences 𝒔 , 
 

𝐷𝑠 = 𝑑𝑑 
 

𝑤1 𝑤2 𝑤3

1 −1 0
⋯ 𝑤𝑛

⋯ 0
1 0 −1
⋮ ⋮ ⋮
1 0 0

⋯ 0
⋱ ⋮
⋯ −1

𝑠𝐴𝐵
1

𝑠𝐴𝐵
2

𝑠𝐴𝐵
3

⋮
𝑠𝐴𝐵
𝑛

=

 𝑤𝑖𝑠𝐴𝐵
1

𝑑𝑑𝐴𝐵
12

𝑑𝑑𝐴𝐵
13

⋮
𝑑𝑑𝐴𝐵

1𝑛

 

𝑠𝐴𝐵
1 = Φ𝐴

1 −Φ𝐵
1 ,   single-difference (receivers A B, satellite 1), 

𝑠𝐴𝐵
2 = Φ𝐴

2 −Φ𝐵
2 ,   single-difference (receivers A B, satellite 2), 

𝑑𝑑𝐴𝐵
12 = 𝑠𝐴𝐵

1 − 𝑠𝐴𝐵
2 , double-difference (receivers A B, satellites 1 2) 



Then the same procedure may be applied to obtain the zero-differences 𝒛 to a given satellite with the 

assumption that  𝑾𝒊 𝒛𝑨
𝒊 = 𝟎 and the weights 𝑾 are elevation dependent: 

 
 
 
 
 
 
 
 
 
The 𝒛 values represent the slant delay fluctuations about the model used to compute the 𝒔 and 𝒅𝒅 
values. The slant total delay 𝑺𝑻𝑫 is then equal to: 
 
 
 
Requirements of the method: 
• Large network will produce better results, because of the values of 𝒛 are relative to the ensemble 

mean of the network, This implies the need of careful network processing to minimize biases or 
introduction of absolute 𝑺𝑻𝑫 to lever the solution, 

• Multipath error map should be calculated for each processed station 

𝐷1𝑧 = 𝑠1 

𝑊𝐴 𝑊𝐵 𝑊𝐶

1 −1 0
⋯ 𝑊𝑛

⋯ 0
1 0 −1
⋮ ⋮ ⋮
1 0 0

⋯ 0
⋱ ⋮
⋯ −1

𝑧𝐴
𝑖

𝑧𝐵
𝑖

𝑧𝐶
𝑖

⋮
𝑧𝑍
𝑖

=

 𝑊𝑖𝑧𝐴
1

𝑠𝐴𝐵
𝑖

𝑠𝐵𝐶
𝑖

⋮
𝑠𝐴𝑍
𝑖

 

𝑆𝑇𝐷𝐴
1 = 𝑚𝑓𝐷𝑟𝑦 ∗ 𝑍𝐻𝐷𝐴

1 +𝑚𝑓𝑊𝑒𝑡 ∗ 𝑍𝑊𝐷𝐴
1 + 𝑧𝐴

1 

STD estimation: double-difference (Alber et al., 2000) 



Advantages: 
• Method is based on data almost free from satellite, orbit, satellite/receiver clocks, and ionosphere 

effects on STD estimation, 
• Easy applicable to the Bernese GNSS Software, 
• Can work in near real-time 
• The accuracy estimated during the tests over 3-day period is ~2 mm in terms of agreement between 

GNSS derived SWD and WV Radiometer data. Braun et al. (2001) obtained using this method the 
elevation dependent accuracies of SWD from 1.4 for zenith to 9.1 mm at low elevations. 

 
Disadvantages: 

• The zero-mean assumptions  𝒘𝒊 𝒔𝑨𝑩
𝟏 = 𝟎 and  𝑾𝒊 𝒛𝑨

𝒊 = 𝟎 may not be true and will lead then to 
biased results, 

• The constraints applied to the solution must come from independent sources and have good quality 
(eg. Water Vapor Radiometers).  

 
Pedro Elosegui and James l. Davis (2003). Feasibility of directly measuring single line-of-sight GPS 
signal delays. Smithsonian Astrophysical Observatory. 
Taking into account the disadvantages mentioned above, Pedro Elosegui and James Davis (2003) on the 
basis of the simulated data revealed that using the Alber et al. (2000) method the anisotropies in the 
atmosphere will cause wrong reconstructed zero-differences and the expected improvement in STD 
estimation will be lost within the magnitude of the error of reconstruction. 

STD estimation: double-difference (Alber et al., 2000) 



P
e

d
ro

 E
lo

s
e

g
u

i 
a
n
d
 J

a
m

e
s
 l

. 
D

a
v
is

 (
2

0
0
3
).

 F
e

a
s
ib

il
it

y
 o

f 
d

ir
e
c

tl
y
 

m
e

a
s

u
ri

n
g

 s
in

g
le

 l
in

e
-o

f-
s
ig

h
t 

G
P

S
 s

ig
n

a
l 

d
e
la

y
s
. 

S
m

it
h
s
o
n

ia
n
 

A
s
tr

o
p

h
y
s
ic

a
l 
O

b
s
e

rv
a

to
ry

. 

STD estimation: double-difference (Alber et al., 2000) 



Conclusions 

1. The zero-differenced STD estimation technique is the most promising, when real-

time satellite precise orbits and clocks are available. It is also easy to implement to 

any GNSS PPP processing software. 

 

2. Double-differenced method with inversion to zero-differenced phase observables 

needs more real-life tests and improvement in constraining. Can be used where 

zero-difference solution cannot be done (without precise satellite clocks), 

 

3. The ways to improve the STD estimation are: 

• Development of new mapping functions (e.g. from raytracing), especially 

for low elevations or selected areas, 

• Increase the number of observations by multi-GNSS processing, 

• Own estimation of clocks and biases, 

• Separation of non-troposphere effects from SWD. 

 

 

 

Thank You for attention!  jan.kaplon@igig.up.wroc.pl 
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